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Abstract. A three-dimensional, primitive equa-
tion, time-dependent, o coordinate, free surface,
estuarine and coastal ocean circulation model is
described in detail. An apparently unique feature
is its imbedded turbulent closure submodel which
on the basis of previous studies should yield
realistic, Ekman surface aand bottom layers. The
model has been designed to represent ocean physics
as realistically as possible given the present-day
state of the art and to address phenomena of 1-100
km length and tidal-monthly time scales depending
on basin size and grid resolution. The prognostic
variables are the three components of the velocity
field, temperature, salinity, and two quantities
which characterize the turbulence, the turbulence
kinetic energy and the turbulence macroscale. The
governing equations together with their boundary
conditions are solved by finite difference tech-
niques. A horizontally and vertically staggered
lattice of grid points is used for the computa-
tions. An implicit numerical scheme in the verti-
cal direction and a mode splitting technique in
time have been adopted for computational efficien-
cy. The numerics have been designed to readily
accommodate the highly time-dependent and often
nonlinear processes of coastal upwelling and eddy
dynamics., The numerical model incorporates rea-
listic coastline and bottom topographye. The act—
ual computer code is configured to take advaatage
of the array processing design of modern computers
so that long-term integrations are possible at
tolerable cost. Applications of the model to a
variety of coastal settings all produce circula-
tion predictions which seem quite realistic when
compared to the available data/theory. These
applications include a simulation of the tides in
the Chesapeake Bay, a simulation of the coastal
circulation off Long Island, New York, and a comp-—
utation of the general circulation in the Middle
and South Atlaantic Bights and in the Gulf of Mexi-
co. The grid spacings have ranged from 1 to 50 km
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in these applications. In a new application to
coastal upwelling, the model's behavior is in
accord with recently developed ideas of coastal
trapped waves.

l. Introduction

The coastal ocean is a region receiving a great
deal of attention due to an increasing utilization
of its resources. The demands for increasing
development have directed both governments and
individuals to investigate the basic mechanisms
which govern the circulation over the continental
shelf. A knowledge of the circulation is useful
to the management of fisheries and of oil and gas
resource development. Spills of oil and other
material from offshore drilling and oil traamsport
activities may occur and significantly affect the
environment. Therefore, the movement of these
pollutants becomes an important item to predict.

The purpose of this paper is to provide a rela-
tively detailed description of a numerical circu-
lation model developed over the last few years at
Princeton University and Dynalysis of Princeton.
The model belongs to that class of models where
model realism is an important goal and addresses
mesoscale phenomena, that is activity character-
ized by 1-100 km length and tidal-30 day time
scales commonly observed in estuaries and the
coastal ocean [Beardsley and Boicourt, 1981]. It
is envisioned that the model ultimately will be
used as part of a coastal ocean forecasting pro-
gram. The model is a three-dimensional coastal
ocean model, incorporating a turbulence closure
model to provide a realistic parameterization of
the vertical mixing processes. The prognostic
variables are the three components of velocity,
temperature, salinity, turbulence kinetic energy,
and turbulence macroscale. The momentum equations
are nonlinear and incorporate a variable Coriolis
parameter. Prognostic equations governing the
thermodynamic quantities, temperature, and salin-
ity account for water mass variatioas brought
about by highly time-dependent coastal upwelling



processes as well as horizontal advective proc-
esses. Free surface elevation is also calculated
prognostically, with only some sacrifice in compu-—
tational time so that tides and storm surge events
can also be simulated. This is accomplished by
use of a mode splitting technique whereby the
volume transport and vertical velocity shear are
solved separately. Other computer variables in-
clude the density, vertical eddy viscosity, and
vertical eddy diffusivity., The model also accom—
modates realistic coastline geometry and bottom
topography.

The model performance has been tested in a
variety of applications which will not be des—
cribeds To gain some appreciation for the model's
ability to simulate coastal circulation the reader
is referred to Blumberg [1977], and Blumberg and
Mellor [1979a, b, 1980, 198la, b, 1983]. These
applications include a simulation of the tides in
the Chesapeake Bay, a simulation of the coastal
circulation off Long Island, New York, and a comp-
utation of the general circulation in the Middle
Atlantic and South Atlantic Bights and in the Gulf
of Mexico. The grid spacings have ranged from 1
to 50 km in these applications. Additional numer—
ical experiments involving upwelling and coastal
trapped waves will be described in this paper to
provide an illustration of the utility of the
model.

2. The Governing Equations

Dynamic and Thermodynamic Equations

The equations which form the basis of the circ—
ulation model describe the velocity and surface
elevation fields, and the salinity and temperature
fieldss Two simplifying approximations are used
[Bryan, 1969]; first, it is assumed that the
weight of the fluid identically balances the pres-—
sure (hydrostatic assumption), and second, density
differences are neglected unless the differences
are multiplied by gravity (Boussinesq approxima-
tion).

Consider a system of orthogonal Cartesian co-
ordinates with x increasing eastward, y increasing
northward, and z increasing vertically upwards.
The free surface is located at z = n(x,y,t) and
the bottom is at z = -H(x,y). If V is the hori-
zontal velocity vector with components (U,V) and
V the horizontal gradient operator, the continuity
equation is
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with p the reference density, p the in situ dens-

ity, g the gravitational acceleration, P the pres-—
sure, KM the vertical eddy diffusivity of turbu-
lent momentum mixing. A latitudinal variation of
the Coriolis parameter, f, is introduced by use of
the B plane approximation,

The pressure at depth z can be obtained by
integrating the vertical component of the equation
of motion, (4), from z to the free surface n, and
is

0
tentef, olxy,z",t)dz
(5)

P(x,y,z,t) = Patm

Henceforth, the atmospheric pressure, P
assumed constant,.

The conservation equations for temperature and
salinity may be written as

atm 1S
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where © is the potential temperature (or in situ
temperature for shallow water applications) and §
is the salinity. The vertical eddy diffusivity
for turbulent mixing of heat and salt is denoted
as KH' Using the temperature and salinity, the
density is computed according to an equation of
state of the form

p =p(0,s) (8)

given by Fofonoff [1962]. The potential deasity
is p, that is, the density evaluated as a function
of potential temperature and salinity but at at-
mospheric pressure; it provides accurate density
information to calculate horizontal baroclinic
gradients which enter in the pressure gradient
terms and the vertical stability of the water
column which enters into the turbulence closure
model even in deep water when pressure effects
become important,.

All of the motions induced by small-scale proc-
esses not directly resolved by the model grid
(subgrid scale) is parameterized in terms of hori-

zontal mixing processes., The terms FX, Fy, FO and



Fg found in (2), (3), (6), and (7) represent these
unresolved processes and in analogy to molecular
diffusion can be written as
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One should note that F_ and F_ are invariant to
coordinate rotation., While, zhese horizontal
diffusive terms are meant to parameterize subgrid
scale processes, in practice the horizontal dif-
fusivities, A, and Ay, are usually required to
damp small-scale computational noise., The form of
Fx, F_ and Fe allows for variable A, and but
thus %ar they’gave been held constant. The diffu-
sivities are chosen so that they do not produce
excessive spoothing of real features. Values as
low as 10 m“/s have been used successfully in
various applications. The relatively fine verti-
cal resolution used in the applicatioans resulted
in a reduced need for horizontal diffusion because
horizontal advection followed by vertical mixing
effectively acts like horizontal diffusion in a
real physical sense. An enhancement, now in prog-
ress, is to relate Ay and to the scales of
motion being resolved in the model and to the
local deformation field as suggested by Smagorin-
sky [1963].

Turbulence Closure

The governing equations coantain parameterized
Reynolds stress and flux terms which account for
the turbulent diffusion of momentum, heat, and
salt. The parameterization of turbulence in the
model described here is based on the work of Mel-
lor and Yamada [1974].

The vertical mixing coefficients,

and KH’ in
(2), (3), e

(6), and (7) are obtained by appealing
to a second order turbulence closure scheme [Mel-
lor and Yamada, 1982] which characterizes the
turbulenc% by equations for the turbulence kinetic
energy, q°/2, and a turbulence macroscale,

%2, according to,
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where a wall proximity function is defined as

~ 2.2
W=1+ EZ(KL) (13)

and where

1

(LY "= (n - z)—1 + (H + z)—l (14)

Near surfaces it may be shown that both 2/x and L
are equal to the distance from the surface

{x = 0.4 is the von Karman constant) so that
W=1+ EZ' Far from the surfaces where

2 << L, W= 1. The length scale provided by (12)
is a characteristic length of the turbulent motion
at any point in space or time. An alternative to
(12) is to use a transport equation for the dissi-
pation rate [Hanjalic and Launder, 1972]. The
former approach according to Mellor and Herring
[1973] and Mellor and Yamada [1982] is more con-
sistent since it uses an equation which describes
large—-scale turbulence to determine the turbulent
macroscale, The terms F_ and F_ in (ll) and (12)
are the horizontal mixing and are parameterized
analogously to temperature and salinity by using
(lo)‘

While details of the closure model are rather
involved, it is possible to reduce the prescrip—
tion of the mixing coefficients K, KH’ and Kq to
the following expressions,

Ky = 2aSy, (15a)
K, = 2aSy (15b)

K = 2qS (15¢)
q q

The stability functioas, S,,, SH’ and S_ are anal-
ytically derived, algebraic relations %unctionally
depeadent upoa 3U/3z, 3V/3z, gp 3p/3z, q and 2.
These relations derive from closure hypotheses
described by Mellor [1973] aand recently summarized
by Mellor and Yamada [1982].

It is convenient to define
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Then the stability functions become
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which are readily solved for S,, and S, as func-

tions of Gy and G,. By appealing to ?aboratory
data [Mellor and Yamada, 1982] (see section 6 for
further practical details), the empirical con-
stants were assigned the values
(AI’AZ’BL’BZ’CL) = (0.92, 0474, 1646, 10.1, 0.08)
(18)

and

(EI’EZ) = (1.8, 1.33) (19)

Boundary Conditions

The boundary conditions at the free surface,
z = n(x,y), are

U v
°s KM (az ' 32) = ( ox ’ Toy) (202)
30 3S .
ooKH (Bz ’ Bz) =(H,5) (20b)
2. BZ/3 u2 (20¢)
1 T8

a0 =0 (20d)
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where (TO , T ) is the surface wind stress vector
with the’Friction velocity, ug the magnitude of
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the vector. It is doubtful that the mixing length
goes to zero at a surface containing wind induced
waves as suggested by (20d). The error is incur-
red in the near surface layers of thickness of
order of the wave height. This is an area where
Egyiher improvement is necessary. The quantity

B is an empirical constant (6.51) arising from
c%e turbulence closure relations. .The net ocean
heat flux is H and here S = S(0) [E-P]/p where
(E-P) is the net evaporation-precipitation fresh
water surface mass flux rate and S(0) is the sur-
face salinity. On the side walls and bottom of
the basin, the normal gradients of © and $ are
zero so that there are no advective and diffusive
heat and salt fluxes across these boundaries, At
the lower boundary (b),

U 3V,
Po Ky (5p 0 55 = (e s Tyy) (21a)
2 2/3 2
q =B 1 Y%y (21b)
q =0 (21¢)
H 3H
T U5k T Vb gy (21d)

where H(x,y) is the bottom topography and u . is
the friction velocity associated with the ngtom
frictional stress (t, ,T, )e The bottom stress is
determined by matchiné véfocities with the loga-

rithmic law of the wall. Specifically,
= C_|V. |V
Iy = % SplYulY, (22)

with value of the drag coefficient Cp given by

17 (23a)

1
CD = {K 1n(H + zb)/z0

where zy and X are the grid point and correspond-
ing velocity in the grid point nearest the bottom
and x is the von Karman constant, The final re-
sult of (22) and (23) in conjunction with the
turbulent closure derived KM is that the calcula-
tions will yield

v = (lb/KuTb)ln(z/zo) (23b)

in the lower boundary region if enough resolution
is provideds 1In those instances where the bottom
boundary layer is not well resolved it is more
appropriate to specify C, = 0.0025. The actual
algorithm is to set C, to the larger of the two
values given by (23a) and 0.0025, The parameter
z, depends on the local bottom roughness; in the
absence of specific information z_ = 1 cm is used
as suggested by Weatherly and Martin [1978].

Open lateral boundary conditions are problem-
atic since one must parameterize the environment



exterior to the relevant domaine Two types of
open boundaries exist, inflow and outflow. Temp—
erature and salinity are prescribed from data at
an inflowing boundary, whereas at outflow boundar-—
ies,

3 3
3c (0,8) + Uy 3a (0,8) =0 (23¢)

39

is solved where the subscript an is the coordinate
normal to the boundary., Turbulence kinetic energy
and the macroscale quantity (q &) are calculated
with sufficient accuracy at the boundaries by
neglecting the advection in comparison with other
terms in their respective equations.

The open lateral velocity boundary conditions
in some of the applications are computed by using
the available hydrographic data in conjunction
with a simplified diagnostic model. This type of
model uses only geostrophic plus Ekman dynamics
and therefore solves a simplified form of the full
equations of motion. It does not require a veloc-
ity at a reference level but only along a single
transect crossing f/H contours. A detailed des-
cription of this model can be found in the work by
Kantha et al. [1982]. While the normal component
of velocity is specified, a free slip condition is
used for the tangential component.

In other applications including those with
tidal forcing, either the elevation is prescribed
as a function of time and space or a radiation
condition of the form

Lo*3

23-+ c F(s,t)

t an (24)

is prescribed. H?Ee ¢ is the local shallow water
wave speed, (gH)l , and s is the tangential co-
ordinate. The function F(s,t) incorporates the
necessary forcing due to tides and the mean calcu-—
lation as described by Blumberg and Kantha

[1985]. The nonlinear terms in the momentum equa-
tions are additionally neglected at the open boun-
dary.

Diagnostic Mode

Numerical experiments have been performed
[Blumberg and Mellor, 1983] which involve the use
of the circulation model in both prognostic and
diagnostic modes. In the prognostic mode the
momentum equations as well as equations governing
the temperature and salinity distributions are
integrated as an initial value problem. These
predictive experiments do not always reach steady
state since the oceanic response time for the
density field can be considerables As an alterna-
tive, diagnostic computations are considered.

In the diagnostic mode the observed density
distribution is specified at all points in the
grid and held fixed in time. The velocity field
consistent with this constraint is allowed to spin
up from rest. These experiments typically attain

steady conditions after 10 days for even fairly
large oceanic regions. The diagnostic approach
not only provides a powerful tool for deducing the
circulation but it also provides a consistent way
of initializing a prognostic forecast model,

3. Vertical Coordinate Representation

It has often been noted that the ordinary x,y,z
coordinate system has certain disadvantages in the
vicinity of large bathymetric irregularities. It
is desirable to introduce a new set of independent
variables that transforms both the surface and the
bottom into coordinate surfaces [Phillips,

1957]. The governing external and internal mode
equations are transformed from (x,y,z,t) to
(x*,y*,0,t*) coordinates, where

(25)

Now let D = H + n and apply the chain rule; the
following relationships linking derivatives in the
old system to those in the new system are obtain-
ed:

%; - Eg; - ig (%-3%; + % 3%%) (26b)
96 _ %6 _ 36 (g 3D, 12n, (26d)

D ot* D at*

where G is an arbitrary field available, and o
ranges from 0 = 0 at z =n to o = -1 at z = -Hs A
new vertical velocity can now be defined

- 3D an aD an
= — —— — - _-+_—-
wEWN-Uoam g ~ V9 ayr Fayx
3D an
- (o aex ac*) 27
which transforms the boundary conditions, (20e)
and (21d), into
w(x*,y* 0,e*) =0 (28a)
w(x*,y*,~-1,t*) = 0 (28b)

Also, any vertically integrated quantity, G, for
example, now appears as

G=/6do (29)

———O
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Equations (1), (2), (3), (6), (7), (11), and
(12) may now be written as (all asterisks will be
dropped for notational convenience)

dn , 3UD , 3VD . 3w

3t X Ay 30 0 (30)
3UD , 3UD |, AUVD , 3Uw _ an
3t % + 3y + 3% fVvD + gD X
2 o
3 Ntauy gt o
Y [D c] po ax £ p do
D3 ¢ 3
+ 822216 2 go + DF (31)
o X o X
o] a
3VD 9UVD BVZD 9 Vw an
—a—t-+—a-;—+—a—y—-+—3—0'+fUD+gD§*};
2 o
o SMvavy gt s
Y [D 30] o %y [ 2 do
DD 0 3
+82 2215 22 45 + DF (32)
p_ 3y 30 y
o a
30D 300D 30VD 30w 3 KH 30
¢ ox T sy T 30 " 30 (D 3o * PPy O
K
3SD _ 3SUD _ 3SVD , 3Sw _ 3  H 3S
t * 9x * 3y * 30 3o [D 0] * DFS (34
2
9gq D 3Uq2D N 3Vq?D + qu? _ 3 (Eg Bgz)
at X dy 3o dc ‘D do
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D 30 0 po 3c A Fq( )
2 2
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c (YT @Y D 2
Mg Ugg %0 5 Ky 360
g’ o
-3 W+ DF (36)

The horizontal viscosity and diffusion terms are
defined according to:

~

at
o T 3 g 3D, Lany 2
DFx s ax o [(D Ix * D ax) xx]
3 _ 3 ¢edb, Llan
* dy (Tyx) 30 [(D Ay * D By) Tyx] (37
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36.D
@ = A[—Lf-_ 2 3D , 3n:
y AH[ dy 30 [0 dy * ay) Oi] (44)
2 2
where O, now represents 0, S, q and q £«

Since the time this paper was accepted for
publication, Mellor and Blumberg [1985] have shown
that the conventional model for horizontal diffu-
sion is incorrect when bottom topographical slopes
are large. A new formulation has been suggested
which is simpler than equations (37)-(44) and
makes it possible to model realistically bottom
boundary layers over sharply sloping bottoms.

4. Mode Splitting Technique

The equations governing the dynamics of coastal
circulation contain propagation of fast moving
external gravity waves and slow moving internal
gravity wavese. It is desirable in terms of comp-
uter economy to separate out vertically integrated
equations (external mode) from the vertical struc-—
ture equations (internal mode). This technique,
known as mode splitting [see Simons, 1974; Madala
and Piacsek, 1977] permits the calculation of the
free surface elevation with little sacrifice in
computational time by solving the volume transport
separately from the vertical velocity shear,.

The volume transport, external mode equations



are obtained by integrating the internal mode
equations over the depth, thereby eliminating all
vertical structure. By integrating (30) from
¢ =-1 to o =0 and using the bouadary conditions
(28a,b) an equation for the surface elevation can
be written as
§ﬂ+w+w=o (45)
dt 9Ix 3y

and the momentum equations become upon vertical
integration

30VD

20 , a0’ ,
ot Ix dy

7 M pF = S
£VD + gD 7 DF wu(0)

— 2 oToT 2 oo
o1y - BDUT_ADUTVT DT By oigs
Ix y p_ 9%
o -1 o
o o
+ 8D 2D J A 92 4o do (46)
p X do
o -l o
3¥D _ aUVD . 3V%D . - m = —
v + Sx + —3;— + fUD + gD 3y - DFY = -wv(0)
—— 2 2 o o
— 1 1 Al
ey - 200wt gl s f O
y Po Yoo g
o o
+ 823D 080 Gnge L (47)
oo y -lo 30

where the pressure has been obtained .from (5) and
the vertically integrated velocities are defined
as
o 0
u,v) = |
-1

(U,V) do (48)

The wind stress components are —wu(0),

and -wv(0), and the bottom stress components are
-wu(-1) and zwv(-1). The tgrms in (46) and (47)
involving U'", U'V', and V'™ represent vertical
averages of the cross-products of the velocity
departures from the vertically integrated (aver-
age) velocity and are often denoted as the disper—
sion terms. Thus

—_— o}
, UVt = f
-1

2 2

(urs, V', U'Vv')do (49)

where (U',v') = (U—G, V—V). The quantities
F and F_ are vertical integrals of the horizontal
mémentumydiffusion and are defined according to

Fo-a 3UDy , 3, (dUD _ 3VD
OF, =57 (28 ) v 57 & (5 * ) G5O

3Dy, 2 (240, 3Dy (5,

3
DFy T 3y (ZAM —3; M x AM 9y * Ix

The computational strategy is to solve equa-
tions for the external mode, the shallow water
wave equations (45), (46), and (47), with a short
time step to resolve tidal motions. The external
mode solutions are obtained with the terms on the
right-hand side of (46) and (47) held fixed in
time and after a large number of time steps, of
the order of 100, an internal mode calculation is
carried out. The external mode provides 3an/dx
and 9n/3y for insertion into the internal mode
equations, (30) through (36), which are then
solved with a much longer time step. Once the
vertical structure has been determined, the terms
on the right-hand side (46) and (47) are updated
and another external mode solution begins. In
future simulations, the advective and diffusive
terms in (46) and (47) will be supplied by the
internal mode.

The external mode equations have not been sub-
tracted from the original equations (30) and (32)
to form the more conventional internal mode set
as, for example, in Bryan [1969] and Wang
[1982]. Consequently there may be a slow tendency
for the vertical integral of the internal mode
velocities to differ from the external mode veloc-
ities, This arises because of different trunca-
tion errors in each mode. To insure against ac-
cumulated mismatch, the vertical mean of the in-
ternal velocity is replaced at every time step by
the external mode velocity.

5. Finite Differeance Formulation

The governing equations form a set of simultan-
eous partial differential equations which cannot
be solved using known analytic methods. The equa-
tions require numeric computational methods using
discretized equations on a gride In anticipation
of coastructing the finite differencing scheme,
the governing equations have been cast into their
flux forms This is to insure that certain inte-
gral coanstraints are maintained by the differenc-
ing.

Spatial and Temporal Finite Differencing

To derive the finite difference equations, the
following sum and difference operations are defin-
ed:

A Ax
. Fix +-%,y,c,t) + F(x - =5,y,0,t)
F(x,y,0,t)" = 5

(52a)

A Ax
F(x +—)2(,y,c,t) - F(x - —,y,0,t)
Ax

SXF(x,y,o,t) =
(52b)

F(x + Ax,y,0,t) - F(x - Ax,y,0,t)
2Ax

— X
GXF(x,y,c,t) =
(52¢c)
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finite difference grid.

and

y X
F(X,Y,0,0)% = F(X,y,0,t)° = F(x,y,o,t)’ (53)

the bar and delta (§) operators form a commutative
and distributive algebra. A variable F(x,y,o,t)
can now be written as F. | ., The relative posi-
tions of the variables édjthe staggered computa-
tional "C" grid are shown in Figure 1. The stag-
gered arrangement uses U at points to the east and
west of the point where n and H are defined and V
at points to the north and south of the n and H
points. This type of grid has been shown by Bat-
teen and Han [1981] to be the most effective grid
for high resolution (< 50 km grids) ocean circula-
tion models. The Ax and Ay are the constant hori-
zontal grid spacings and Ao is the vertical incre-
ment which varies in thickness to accommodate more
resolution near the surface and bottom.

The finite difference equations governing the
motion of the baroclinic (internal) modes, (30),
(31), and (32) are

=X =y _
th + GX(D u) + 5y(D V) + Go(w) =0 (54)
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— 1 — K_ — -— —
GC(DXU) + GX(DXU ™) +6 (v i) - £

<

!

X0 =X _ n+l
+ 8, (WUT) + gD n =6 [—- § (U]
D
=x 2 k
_ gD ) —0 o n-1
e, 6x [mil Pa-1/2 AOm—l/2 ] * Fx 55

p— 7 _ —Y_ —
stwyw + sx(nxu 75y + Gy(DyV 7y + T0%D

iy

Y70 5y - M n+l
+8_(WV) + gD s =8, [D_y 8, (V)]

=y.2 k
- éD s, 1 o Ao ] + gl (56)
o Va1 Pa-1/2 Ya-1/2 F

The parameter k in (55) and (56) is the number of
vertical grid points over which the summation is
performed and Ao is the spacing of the vertical
layers. The superscripts n+l and n-l are used to
indicate the appropriate time level. All other
terms are understood to be a level n. These dif-
ference equations are similar to those proposed by
Lilly [1965}, Leendertse et al. [1973], Holland
and Lin [1975], and Blumberg [1977]. To reduce
the numerical truncation assoclated with density
gradients in regions of large baroclinic and topo-
graphic variability, a reduced density (area mean
removed) is introduced to (55) and (56).

The conservation equation for a scalar, 0, as
in (33) and (34) is differenced as t

—t X =X =Y 2y =
6t(@iD) + GX(OiUD ) + sy(@iVD )+ 5o(eiw)

KH o+l n—1
=6, (—D— 5Gei) + F@i (57)

The advective characteristics of this particular
differencing scheme, evaluated by Kerr and Blum—
berg [1979], can produce a nonphysical behavior if
discontinuities in the property, 0., exist. The
scheme introduces no artificial hofizontal (or
vertical) diffusion so that small scale noise
generated at a discontinuity must be controlled
with the explicit diffusion as is preferred.
Similar differencing for the turbulence equations
(35) to (36) results for the kinetic energy

—t —5x 5y —50
2 X -
8.(a"D) + s (07qD%) + ay(\?’qzoy) + 50m°q2

= (JK O TR Y2
(D80 5 [ T + (87"
2g KH § o - 2Dg3 + Fn—l (58)
o, o Bll q
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and for the quantity q2 2,

t X_ - Y _ 0
at(qzw) + 5x(ﬁ°q2£ ) + Gy(chZJL )y + agaaqzz

K
_ q 2, yn+l KM
5, (-5 8,472) +12E 5 [

D "o g
98 8 3
_ng® 2L, 142
*+ K8 P B, L+ [5G+l
(59)

The implicit treatment of the vertical diffu-
sion terms is used to accommodate the small verti-
cal spacing required to resolve the important top
and bottom boundary layers without drastically
reducing the time step as would be the case with
the more usual explicit schemes. The use of an
implicit scheme results in a tri-diagonal matrix
which is solved by a Gaussian elimination method
[Richtmyer and Morton, 1967].

The external mode equations (45) through (47)
are entirely explicit and are differenced for the
continuity equation,

t g S vy =
étn + 6x(D U) + y(D V) =0 (60)
and for the momentum equations
v XXX XY zy
ét(D U) +6 (DUU ) +6 (DDVU) - £VD
kS y
=X =n-1
+ - =
gDh 6xn Fx ¢x (61)

|

|5

X
—y-
St(D V)

(=1

g oy
+ Gx(D uv) + 6y(D VV)+ fUD

! (62)

—y n-1 _
+ gD Gyn Fy ¢y
The structure functions, ¢ and ¢ , are composed
of quantities in (46) and %47) prgvided by the
internal mode and are computed by vertical inte-
gration of the corresponding terms in the intermnal
mode equation using the rectangular rule. The
finite difference version of the horizontal vis-
cosity and diffusion is not presented here as
these terms are exceedingly cumbersome but
straightforward.

The finite difference equations presented above
can be demonstrated to be of second order accuracy
in space and time and to conserve energy, tempera-
ture, salinity, mass, and momentum. Finally, the
model's computer code has been deliberately de-
signed to be economical on modern array processing
computers.

Stability Constraints

The leap-frog differencing used for the time
stepping introduces a tendency for the solution at
even and odd time steps to split. This time
splitting is removed by a weak filter [Asselin,
1972] where the solution is smoothed at each time
step according to

n a n+l

n n n-1
s 2 (F - 2F + FS ) (63)

where a = 0.05 and FS is a smoothed solution.

COASTAL OCEAN CIRCULATION MODEL 9



TABLE l. The Vertical o Coordinate

Distribution

Level o g’ Ao

1 0.00000
-0.,01042 0.02083

2 -0.02083
-0,02946 0.02083

3 -0.04167
) -0.05893 0.04167

4 0.08333
-0.11785 0.08333

5 -0.16667
.-0.,20833 0.08333

6 -0.25000
0429167 0.08333

7 -0.33333
-0437500 0.08333

8 -0.41667
-0.45833 0.08333

9 -0.50000
-0.54167 0.08333

10 -0.58333
-0.62500 0.08333

11 -0.66667
-0.70833 0.08333

12 -0475000
-0.79167 0.08333

13 -0.83333
-0.88215 0.08333

14 -0.91667
-0.94107 0.04167

15 -0.95833
-0.97917 0.04167

16 -1.00000

The quantity o refers to the depths at which
the turbulence quantities and the vertical
velocity are located, while o' corresponds to the
depth at which horizontal velocity, temperature,
salinity, and denisty are defineds The Ao is the
grid spacing. The relative position of the
variables is shown in Figure 1.

This technique introduces less damping than either
the Euler-backward or forward stepping techniques.

The Courant-Friedrichs-Levy (CFL) computational
stability condition on the vertically integrated,
external mode, transport equations limits the time
step as shown by Blumberg and Mellor [198la]
according to

s« g (L Ly (662)
£t Ax Ay
where
1/2 -
¢, = 2(gt) U (64b)
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Umax 1s the maximum average velocity expected.
There are other restrictions but in practice the
CFL limit is the most stringent. The model time
step 1s usually 90% of this limit. The internal
mode has a much less stringent time step since the
fast moving external mode effects have been re-
moved. The time step criteria is analogous to the
one for the external mode given by (64a) and is
ek (e Ly o
t Ax Ay
where CT = 2C + Umax’ with C being the maximum
internal gravity wave speed commonly of order 2m/s
and U X is the maximum advective speed. For
typicgi coastal ocean conditions the ratio of the
time steps, AT/At, is often a factor of 80-100.

Temperature (°C)

o 1 1 1 i 1 . .
1000 4
E
- 4
=
Q
<)
O =
2000
3000~
Fig. 3. The initial temperature distribution used

in the prognostic model experiments. The
distribution is typical of that observed off the
coast of California.
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results from the prognostic model upwelling experiment.

Diffusion is important in the internal mode but
does not affect the overall choice of time step,
unless the grid Reynolds number is of order 1, in
which case

1 -1
AT < —— (= + ) (66)
AAH sz Ayz
must be used.
A rotational condition is
1 1 .
Bt CF =W eimo (N

where Q@ is the angular velocity of the earth and
©® is the latitude. However, even for high lati-
tudes (67) is not a limiting factor.
6. Application: Upwelling Coastal Trapped Waves

To illustrate an application of the circulation
model, a calculation not previously presented in
the literature will be described. For additional
applications the reader is referred to the refer-
ences cited in the introduction. For the purposes
of this paper, it is appropriate to investigate in
a simpler context some of the characteristics of
upwelling and eastern boundary currents. This
approach helps to establish model credibility and
also provides a framework for extending the model
to include geographical settings where the circu-
lation can be indeed complex.

Consider the response of a stratified ocean

adjacent to a meridional boundary to the onset of
equatorward (upwelling favorable) winds. A rect-
angular ocean basin 65 km wide and 700 km in
north-south extent centered about latitude 36°N is
used. The basin has a continental shelf-slope
with characteristics typical of northern Calif-
ornia as shown in Figure 2a. Alongshore variation
in topography is not considered initially. The
east-west grid spacing is 2 km and the north-south
spacing is 30 km. Because this is a limited do-
main in spatial extent, that is, an enclosed ba-
sin, only short duration experiments can be con-
sidered. Otherwise disturbances generated at the
boundaries become an important although artificial
contribution to the response.

The model consists of 16 vertical levels with
irregular vertical spacing in o space as shown in
Table 1. The initial temperature distribution is
horizontally homogeneous with a vertical structure
similar to that observed off California
(~35°N, 125°W). A strong thermocline is present
at a depth of ~150 m as shown in Figure 3. The
salinity distribution, on the other hand, is set
everywhere equal to 34 per mil and used as a check
on the conservation properties of the finite dif-
ference technique. The horizogtal mixing coeffi-
clents are both chosen as 50 m“/s. The external
and internal mode time steps are limited to 10 s
and 10 min respictively. A meridional, equator-—
ward, 2 dyne/cm” wind stress 1is impulsively im-
posed at the surface in a 240-km-wide zonal band
about 200 km from the southern edge of the do-
main. There is no wind stress curl or heat flux

COASTAL OCEAN CIRCULATION MODEL 1M
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Fige 6« The near surface circulation patterns
from the upwelling experiment after (a) 20 hours,
(b) 40 hours, and (c) 60 hours. The forcing
region is marked on the right side of each figure.

Fig. 5. The surface temperature (°C) distribu-
tions from the upwelling experiment after (a) 20
hours, (b) 40 hours, and (c) 60 hours. The forcing
region is marked on the right side of each figure.

are clearly evident with the proper 20-hour per-

imposed. The radius of deformation for the ini- lod (~ 35°N). The shelf water response to the

tial stratification is ~10 km and is smaller than wind is illustrated in Figures 5-9. Sequential

the width of the shelf-slope, the ratio is ~0.5. patterns at 20-hour intervals spanning 60 hours of
The time history of surface kinetic energy for the horizontal distributions of surface

the 2-1/2-day simulation at locations 1 and 25 km temperature, surface velocity, and 100-m—-depth

offshore is shown in Figure 4. Inertial motions velocity are depicted. Also included are patterns
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Fige. 7» The 100-m—-depth circulation patterns from
the upwelling experiment after (a) 20 hours, (b)
40 hours, and (c) 60 hours. The forciag region is
marked on the right side of each figure.

of the temperature and alongshore velocity from a
vertical section near the northern edge of the
forcing zone. An intense downwelling response
exists on the western boundary. To focus upon the
upwelling regime, only the eastern boundary region
is shown in these figures.

The initial response to the onset of the winds

50
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n
wn
O

(e}
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200
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50

100

15C

200

r HOUR = 60 1

250 B 1 1 . 1 s 1
40 30 20 10 o]

DISTANCE OFFSHORE (Km)

Fig. 8. Sequential patterns of temperature along
a vertical section near the northern edge of the
wind forcing zonme (CI = 1°C).

is the classical Ekman surface offshore flow and
the compensating onshore flow at depth. Intense
coastal upwelling is found within the forcing zone
(see Figures 5 and 8). As time progresses the
onshore circulation decreases in strength and the
flow becomes markedly three-dimensional. The
equatorward jet is confined to the coastal re-
glon. As proposed by Philander and Yoon [1982],
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Suginohara [1982], and Wang [1982] and corrobo-
rated here, the limited area wind leads to the
generation of coastal trapped waves which propa-
gate northward. The first mode waves travel at
~250 km/day. A poleward undercurrent (see Figure
9) develops below the thermocline over the slope
region at ~250 m depth when the second mode coast-
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distribution (a) and the near surface (b) and 100-
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right side of each figure.

al trapped wave arrives, travelling at

~80 km/day, from the southern edge of the forcing
zone. The poleward current is apparently produced
by an alongshore pressure gradient which propa-
gates into the forcing region. It should be re-



marked that the inertial effects are responsible
for offshore surface currents not always being
aligned with the wind.

In the next numerical experiment the effect of
alongshore variations of bottom topography is
investigated. A schematic view of the topography
is illustrated in Figure 2b. The length scale of
the topographic irregularity is much larger than
the Rossby deformation radius. Figure 10O shows
the surface temperature and circulation and the
100-m~depth circulation 60 hours after the sudden
onset of a limited area, upwelling favorable, 2
dyne/cm” wind stress. The most striking feature
in Figure 10 is the enhanced upwelling which oc—
curs over the northern edge of the topographic
feature which was not present in Figure 5c. There
is also some enhancement at the southern edge but
to a lesser extent. The rate of upwelling is also
greater when the topographic feature is in-
cluded. The results obtained here are corrobo-
rated by those of Kishi and Suginohara [1975]. In
both of the present numerical experiments, salin-
ity was conserved to within machine accuracy.

While there is always some uncertainty as to
the ultimate cost of a computation, the 2-1/2-day
experiment with a 32 x 24, l6-level model with 144
time steps per day requires 1.0 min/day on a Cray-
1S computer. The numerical experiments described
here indicate that the circulation model is oper-
ational and is capable of representing the physi-
cal processes responsible for the three-dimension-
al behavior of the coastal ocean. By virtue of
providing reliable dynamic and thermodynamic prop-—
erties, it is believed that this circulation model
will be useful for forecasting the behavior of
coastal ocean regions.

7. Conclusions

A three-dimensional, coastal ocean circulation
model has been described in detail. The model,
originally designed for carrying out coastal ocean
predictions, has been extended to include estuar-
ies as well as whole basins, like the Gulf of
Mexico, and to operate in both prognostic and
diagnostic modes.

The vertical coordinate representation, the
mode splitting technique and the open boundary
conditions have been emphasized, An apparently
unique feature of the circulation model is its
turbulence closure submodel which should provide
accurate surface and bottom mixed layer dynam—
ics. An enhancement, now in progress, is to re-
place the present rectangular horizontal grid with
an orthogonal, curvilinear horizontal grid to
improve coastline representations.

To illustrate the utility of the circulation
model, it was applied to a coastal upwelling sit-
uation. It appears from an examination of the
simulation that the model yields results that
share many features in common with our understand-—
ing of upwelling and coastal trapped waves. How-
ever, more qualitative comparisons between model
and data/theory are necessary. It is only through

these comparisons that one can understand and
assess the model's predictive capabilities and
limitations.
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